This paper presents an approach to control the rotational motion of an asteroid while a spacecraft is deflecting its trajectory through laser ablation. During the deflection, the proximity motion of the spacecraft is coupled with the orbital and rotational motion of the asteroid. The combination of the deflection acceleration, solar radiation pressure, gravity field and plume impingement will force the spacecraft to drift away from the asteroid. In turn, a variation of the motion of the spacecraft produces a change in the modulus and direction of the deflection action which modifies the rotational and orbital motion of the asteroid. An on-board state estimation and control algorithm is then presented that simultaneously provides an optimal proximity control and a control of the rotational motion of the asteroid. It will be shown that the simulataneous control of the rotational and proximity motions of asteroid and spacecraft has a significant impact on the required deflection time.
Introduction
Near Earth objects (NEOs) have been generating a growing scientific interest because, as primordial remnants of our solar system, they preserve precious information on its formation, composition and evolution. Besides, their collision with the early Earth would have influenced the shape and composition of our planet. Some NEOs are especially attractive targets for low-cost missions, because of their orbital accessibility with current technologies. This easy accessibility suggests the possibility to use them as source of raw materials and for the settlement of future human outposts (Seboldt et al., 2000) . At the same time, NEO collisions with the Earth represent a possible threat to mankind. In particular, small size asteroids pose a concrete threat on the short term, with significant expected damages at regional level. Advances in orbit determination and theoretical studies on hazard characterisation have increased the capability of predicting potential impacts (Chapman et al., 1994) . The manipulation of asteroid, instead, still remains an open problem. Increasing our capabilities in asteroid orbit and attitude manipulation is therefore required, both for reducing the collision hazard and for future asteroid exploitation.
In the past two decades, different techniques for asteroid manipulation have been studied and compared; among them, surface ablation was shown to be theoretically one of the most promising methods (Sanchez et al., 2009) . Ablation is achieved by irradiating the asteroid with a high intensity light source. Within the illuminated spot area, the absorbed energy increases the temperature of the asteroid, enabling it to sublimate. The ablated material then expands to form an ejecta plume. The resulting thrust induced by the ejecta plume pushes the asteroid away from its original trajectory.
In a recent study, supported by the European Space Agency (ESA), the Light Touch 2 concept was proposed as technology demonstrator to validate this concept . The main specifications of this study were to impart a minimum variation of velocity of 1 m/s over the course of one year operations to a small asteroid 2-4 meters in diameter or equivalently 130 tons in mass, considering an average density of a silicate asteroid. Further constraints limited the target asteroid's orbital elements to have a perihelion larger than 0.7 AU, an aphelion smaller than 1.4 AU and an inclination smaller than 5 degrees. Light Touch 2 employs a laser beam, focused on the surface of the asteroid, to generate a controllable thrust via surface ablation.
This paper presents an approach to control the rotational motion of an asteroid, while the spacecraft deflects the asteroid's trajectory through laser ablation.
During the deflection, the proximity motion of the spacecraft is coupled with the orbital and rotational motion of the asteroid. In fact, a change in the angular velocity of the asteroid induces a variation of the ablation rate that, in turns, affects both the orbital and rotational motion of the asteroid. At the same time a change in the ablation rate, orbital and rotational motion affects the proximity motion of the spacecraft as it changes the perturbations due to the impingement with the plume of gas, the gravity of the asteroid and the relative acceleration between asteroid and spacecraft. Since the spot size of the laser beam needs to be kept below an acceptable limit to guarantee constant ablation, the spacecraft needs to manoeuvre to maintain its relative distance under the effect of perturbations that are a function of the ablation process. Since, as shown in the works of Kahle et al., 2005 and Colombo et al., 2006 , the lower is the angular velocity of the asteroid the higher is the imparted deflection acceleration, the simultaneous control of both the spacecraft relative position and asteroid's angular velocity is paramount.
The asteroid is modelled as a tumbling ellipsoid with a random initial angular velocity vector and the characteristics of the reference asteroid used in the Light Touch 2 study. The rotational motion of the asteroid is then controlled by off-setting the thrust vector, induced by the laser, with respect to the centre of mass. The spacecraft proximity motion and the instantaneous rotational velocity of the asteroid are estimated through two filters: an augmented Unscented Kalman Filter that determines the spacecraft trajectory from optical and laser ranging measurements, and a batch filter which processes optical flow measurements from the camera to reconstruct the rotational velocity of the asteroid.
It will be shown that, through the proposed control method, the time required to achieve a given variation of velocity can be substantially decreased and the displacement of the asteroid from its nominal unperturbed orbit maximised.
Ablation Model
This section outlines the ablation model used to predict the torque and force acting on the asteroid and the spacecraft. A more complete description, including some experimental results can be found in Vasile et al., 2014; Vasile et al., 2013b; Gibbings et al., 2013. The force acting on the asteroid L F is given by the product of the velocity of the ejected gas v and the mass flow rate of the ablated material
where   0.88 is a constant scatter factor used to account for the non-unidirectional expansion of the ejecta. The mass flow rate is given by the integral, over the area illuminated by the laser where ablation occurs, of the mass flow rate per unit area  :
where V rot is the speed at which the surface of the asteroid is moving under the spotlight, y max is the maximum width of the spot. The time t in identifies the point under the spotlight at which the ablation starts while t out is the time at which a point of the surface moving with velocity V rot exits from the spotlight. The assumptions are that locally the surface is flat and the spot is a circle, and that the temperature of a point under the spot light progressively increases but with negligible or no vaporisation till time t in . In this case, an approximated solution for the temperature T after an exposure time t can be derived assuming that radiation loss Q rad is small compared to the absorbed laser power per unit area P in (see Anisimov et al. 1995) and is given by:
From which one can estimate t in as:
The mass flow rate  per unit area is expressed as: However, in this paper we maintain all the conservative assumptions of the model reported in Vasile et al. 2014 and Gibbings et al. 2013 to account for additional unmodelled effects like the actual orography, surface and material inhomogeneity and porosity.
The absorbed laser power per unit area in P in Eq. (5) is computed assuming that the beam is generated by an electrically pumped laser. The electric power is generated by a solar array with conversion efficiency  S .
The electric power is then converted into laser power with efficiency  L . The surface of the asteroid is absorbing only the fraction   (1 ) MS of the incoming light, where  S is the albedo at the frequency of the laser light. One can consider this as the worst case scenario. The absorbed power per square meter at the spot is therefore:
where is a degradation factor due to contamination,  P is the efficiency of the power system, 1 AU P is the solar constant at 1 Astronomical Unit (AU), A SA is the area of the solar arrays, spot A is the area of the spot and AU r is the distance from the Sun measured in AU. The degradation factor can be computed by following the experimental results in Gibbings et al. 2013 and taking the plume density  ( , ) plume r at any given distance r from the spot location, and elevation angle  from the surface normal. The ejecta thickness on any exposed surface, h, grows linearly with the mean ejection velocity at the asteroid surface v and the plume density  ( , ) plume r , which decreases as the distance from the asteroid increases. The increasing thickness of the contaminants will ultimately reduce the power generated by the solar arrays and, therefore, the laser output power. The consequence is a reduction of the thrust imparted onto the asteroid until ablation ceases completely and the thrust with it. The reduction of the power generated by the solar arrays, τ, can be computed from the Beer-Lambert-Bougier law:
where η is the absorbance per unit length of the accumulated ejecta. Table 1 reports the parameters used for the calculation of Eq. (1) to (7) . Note that the density of the material used in the laser model is higher than the average density of the asteroid, to remain consistent with Gibbings et al. 2013 , which results in slightly higher heat conduction and a lower thrust magnitude.
Optimal distance from the asteroid and force due to the ablation
The asteroid's orbital velocity variation given by the ablation process can be computed as:
where a m is the mass of the asteroid which is decreasing due to the ablation process. From the ablation model presented in the previous section one can see that the thrust F L is a function of both the power input to the laser and the distance from the spot, as the contamination of the solar arrays depends on the mass flow rate. Figure 1 represents the contour line of the thrusting time, in days, required to achieve a I v  of 1 m/s with the laser positioned at a distance of 50 meters from an S-class asteroid with a mean radius of 2.18 m, a spinning rate of 19.47 rotations per hour and a mass of 130 000 kg. The thrusting time is plotted against the power input to the laser and the radius of the laser spot. Figure 1 shows that a variation of 38% in the radius of the spot corresponds to an increase in the deflection time between 140 and 180 days. A variation of the radius of the spot corresponds to the defocusing of the beam and is due to two reasons: the excavation of a groove along the surface of the asteroid and the variation of the relative position of the spot from the laser source due to the rotation of the asteroid and the relative motion of the spacecraft. The distance from the focal point, along the beam, at which the beam radius is 0 2 w (known as Rayleigh length, Rayleigh l , Siegaman 1986), with w 0 the radius at the focal point, is about 3 m, assuming a 50 mm in diameter focusing mirror, at a nominal distance of 50 m from the laser source to the spot. With reference to Figure 1 , if the nominal radius is 0.8 mm at 3 m from the focal point the beam radius would be 1.13 mm. This means that at the rate of 19.47 rotations per hour, with the current model, a fluctuation of the distance within the Rayleigh length would yield a variation of about 60% of the deflection time. It follows that the Rayleigh length can be used to derive a requirement on the control of the distance between the spacecraft and the surface of the asteroid, which can be converted in a requirement on the control of the distance between the spacecraft and the asteroid centre of mass as it will be illustrated in Section 3.1. The variation of the deflection time with the defocusing of the beam is however a function of the rotation rate. In fact, if one assumes a constant input power of 860 W, a nominal spot size of 0.8 mm , and an optics designed to focus the beam at a nominal distance of 50 m from the laser source, a variation of the distance will produce a bigger cross section spot A of radius w on the surface of the asteroid consistently with the Rayleigh length, as shown in the following equation:
where l is the distance from the spot, sin focu g l is the focusing length. This means that the light intensity at the spot decreases as the distance of the laser source from the surface departs from the focusing distance. Furthermore, Eqs (2) and (6) give a mass flow that decreases if the surface under the laser moves faster.
Therefore, if one assumes a flat surface moving with velocity rot V transversally to the incident light and positioned at a distance l from the laser source the resulting thrust is the one represented in Figure 2 .
As one can see, the force increases as the velocity rot V decreases and an absolute maximum is reached when rot V is zero and the distance equals the focusing length. Moreover, for higher values of velocity, moving by 3 m with respect to the focusing length causes a reduction of about 75% of the nominal value. With reference to Figure 2b , the trend is almost linear in the distance although a curvature can be seen. For lower velocities, the variation of the force with the distance is less pronounced, because the surface resides under the laser for longer time. Note that the results in Figure 2 and in Figure 1 depend on the laser intensity and on the material properties. Hence, different exact control requirements would be derived for different lasers, material properties but also for a more accurate modelling of the ablation process. If the incident laser beam is not perpendicular to the surface the spot deforms from a circle to an ellipse and its area increases. The travel time of a point under the spot light t out -t in then changes depending on the direction of the velocity rot V with respect to the local normal and Eq.
(2) needs to be modified to account of a) b) the actual geometry. In this paper a simpler and more conservative approach is taken. Instead of calculating the exact travelling time the light intensity is simply reduced by modifying Eq. (9) as follows: is the angle between the incident laser beam and local normal. The area given by Eq. (10) is then used in both Eq. (2) and (6). As one can see as the cross section increases with this angle, the power density decreases and progressively reduces to zero for nearly tangential configurations.
Proximity Motion Dynamics and Control
During the ablation process the spacecraft flies in close formation with the asteroid, thus it is convenient to describe the motion of the spacecraft in the rotating Hill reference frame. In the proximity of the asteroid, the spacecraft is subject to the force due to solar radiation pressure, the gravity of the asteroid, the gravity of the Sun, the centrifugal and Coriolis forces, the recoil of the laser, and the force induced by the impingement with the plume. Moreover, the asteroid is accelerating under the effect of laser ablation, and, thus, the spacecraft experiences the same acceleration in magnitude but in the opposite direction.
The asteroid's orbit around the Sun is defined with respect to the Sun-centred equatorial inertial reference frame  I J K as shown in Figure 3a . In this work, it is assumed that the asteroid is an ellipsoid with semi-axes a I , b I , c I defined in the body fixed reference frame The gravity field of the asteroid is expressed as the sum of a spherical field plus a second-degree and second-order field (Hu, 2002) :
where the harmonic coefficients 20 C and 22 C are a function of the semi-axes: 222 20 22 22 1 (2 ) 10 1 () 20
and a  is the gravitational constant of the asteroid. The angles  and  are defined as
where the subscript b refers to the position of the spacecraft in the body fixed reference frame. The motion of the spacecraft in the proximity of the asteroid is governed by the following set of equations: 
where the superscript h refers to the projection onto the Hill's local axes. The force vector
hh sc a F r r is defined below in Eq.(18). The acceleration a r , which the asteroid is subjected to, in the inertial frame is defined as: is the acceleration due to the laser ablation process (see Section 2). Note we did not consider the solar radiation pressure acting on the asteroid because its area to mass ratio is almost two orders of magnitude smaller than the spacecraft one. This differential acceleration is well within the system noise we included in our simulations.
The quantity θ of Eq. (14) is the angular velocity with which the reference frame rotates. In the local reference frame the variation of θ can be derived from: 
The force vector
hh sc a F r r includes all the perturbations due to solar radiation pressure, the laser recoil and plume impingement : 
Proximity Control Strategy
In section 2.1 it was suggested that the Rayleigh length could be used to derive a requirement on the relative distance between laser head and asteroid's surface. If one considers a V rot equal or lower than 19.47 rotations per hour (see Section 2.1), then a Rayleigh length of up to 3 m can be deemed to be acceptable without any control of the relative position. On the other hand, in order to control the rotational motion of the asteroid the laser needs to hit different points on its surface while the asteroid is rotating. It is therefore necessary to ensure that the difference between the focal distance and the distance between the laser head and the surface remains within the Rayleigh length at all times.
Let us consider the asteroid to be an ellipsoid with semi-axes 3
the spinning axis, and the spacecraft located at a constant distance of 50 m from the asteroid's Centre of Mass (CoM) in the plane perpendicular to I b . Furthermore, let us assume that the focal distance is 49.3 m from the laser head. With reference to Figure 4a , the difference between the focusing length and the distance between the laser head and the surface of the asteroid can now be calculated for each visible (i.e. reachable from the laser) point on the surface and for rotation angles.
If the modulus of this difference was greater than the Rayleigh distance, then the yield of the ablation process would be compromised and might even cease. Figure 4b shows the maximum difference between the range to surface and the focusing length for different rotation angles first around ˆh
x and then ˆh z .
Given the symmetry of the problem, only rotation angles from -90 to 90 degrees were considered. The discontinuity at about ± 25 degrees and ±86 degrees is due to the fact that the maximum variation goes from surface points closer to the spacecraft to points located farther from it. The maximum variation is reached at 0 degrees when the major axis is aligned with the asteroid-spacecraft direction and at ±35 degrees when the range to surface is maximum. We can see that the maximum difference between the range to a surface point and the focusing length is about 2.3 m. Given the maximum acceptable excursion of 3 m defined by the Rayleigh length, the spacecraft needs to be maintained within a 0.7 m radius control sphere around its nominal position with respect to the centre of mass of the asteroid. Nonetheless in order to compensate estimation errors and maintain the variations of the thrust due to the defocussing and laser normal   contained and maintain the laser at optimal operative conditions, we decided to activate the control logics for a 0.4 m control sphere. In the following, it is assumed that the nominal position is placed at 50 h y m with respect to the asteroid centre of mass.
is the displacement from the nominal position in the Hill's reference frame, a correction manoeuvre v is then implemented when
, where e d is the diameter of the sphere.
In the derivation of the control, it is assumed that the acceleration 
where , pi a is the i-th component of the acceleration p a at the time the correction is performed. The control impulse bit  i v can now be allocated such that the spacecraft reaches a displacement  s ii dd with the corresponding velocity equal to zero. The time  c t to reach this condition is:
By substituting  c t into Eq. (19), one obtains the value of the i-th component of the correction manoeuvre:
Eq. (21) 
Asteroid Rotational Dynamics and Control
From Figure 2 one can see that the ablation force is higher when the velocity V rot is lower because the time interval [t in t out ] to sublimate the surface tends to infinity. The velocity V rot is given by the modulus of the cross product of the istantaneous angular velocity and s , the position vector of the spot on the surface of the asteroid, with components
 ωs
This means that decreasing the asteroid's angular velocity can increase the yield of the ablation process.
The asteroid's rotational motion is governed by the following system of differential equations:
is the quaternions vector,
is the angular velocity vector in the body frame, I is the matrix of inertia of the asteroid, c M is the control torque, and Π is given by:
Perturbative torques from the Sun light pressure and the YORP effect are neglected because their cumulative effect is negligible with respect to the torque induced by the laser.
A strategy to reduce the spinning rate of the asteroid is to apply a control torque proportional to the opposite of the angular velocity vector:
The actual control torque c M that can be generated is given by the cross product of the thrust b L F with the position vector s. b L F is the thrust vector, projected in body axes, produced by the ablation process at point s on the surface of the asteroid (see Figure 5a ).
Figure 5: Angular velocity control scheme (a); control arm representation in body frame (b).
In the following it is assumed that the asteroid is an ellipsoid with a regular and smooth surface, and that the b L F is aligned with the vector normal to the surface and pointing inside the body of the asteroid. The normal n to the surface can be calculated as the gradient of the surface function as follows: 
The achievable control torque then becomes:
x 
where  is the azimuth and  is the polar angle taken from the minor semi-major axis (see Figure 5b ).
The achievable torque then can be rewritten as: I  I  I  I  I  I  z  y  x  I I  I I  I I  L   I 
(30) Figure 6a shows the maximum achievable projection of the control torque on the rotation velocity vector for different configurations of the ellipsoid assuming that the impinging laser beam is directed as the local normal. The rotation velocity is directed as the axis ˆh z for each configuration. The different configurations are obtained by rotating the asteroid along the axes ˆh x andˆh z . Figure 6b , instead, shows the misalignment between the applied torque and the angular velocity vector, for the same configurations. The solution of problem (30) produces misalignment angles of up to 60 degrees, which would generate undesirable torque components along the directions orthogonal to the angular velocity. This effect is due to the direction of the thrust generated by the ablation process. Thus, a different strategy is to solve the following problem: I  I  I  I  I  I  z  y  x  I  I  I  I  I  I   I  I Figure 7b corresponds to the magnitude of eq r for each location on the surface of the ellipsoid. Negative values refer to a torques increasing the angular velocity. This is a trivial case for which no constraint given by the configuration and the visibility from the spacecraft is imposed. The maxima are localised along the equator of the ellipsoid with azimuth angles of 132 and 312 degrees, which depend on the value of the ratio between In the following, two constraints are imposed. One constraint is on the minimum angular velocity to be controlled. The asteroid angular velocity control is applied until the angular velocity reaches a value of 10 -3 rad/s. This value has been chosen after considering that the optical flow implemented as in Section 5.2 achieves an accuracy of comparable magnitude. The second constraint is on the relative asteroid-spacecraft configuration which will limit the region the laser could be pointed at and, subsequently, also the angle between laser beam direction and local normal. In this case a limit angle of 60 degrees between the local normal and the line of sight from the spacecraft to the spot was set to avoid nearly tangent conditions for the laser. The limit on the view angle partially account for the change in spot size due to the elevation of the beam over the surface of the asteroid. Note that a non smooth surface could lead to a thrust that is not aligned with the local normal, however, since the surface that the laser can hit must be visible from the spacecraft, a torque opposite to the one expected assuming an expansion along the local normal is not possible. It is instead possible that the thrust vector and the vector connecting the spot with the barycentre from an angle that closer to 90 degrees producing a higher torque than expected. These effects due to the surface morphology will the subject of a future work.
Proximity and Rotational Motion Reconstruction
The motion of the spacecraft relative to the asteroid and the asteroid's rotational velocity are estimated by combining optical measurements from a camera with ranging information from a laser range finder and measurements from an impact sensor. The impact sensor, in particular, is used to measure the change in momentum due to the flow of ejecta impinging the spacecraft. The measurements then are processed through an Unscented Kalman Filter (UKF) (Schaub, 2003) . Section 5.1 illustrates the measurement model. Then, Section 5.2 describes the proximity motion reconstruction while Section 5.3 shows the rotational motion reconstruction from optical flow measurements. 
Measurement model
where c x is the distance of the point from the image plane along the boresight direction and f is the focal length of the camera. The position in the camera reference frame is given by:
where HC R is the rotation matrix from the Hill's reference frame to the camera frame and:
with surface x the vector position of the points with respect to the centre of the Hill's reference frame (see Figure 8 ). The measurement from the camera is affected by both the spacecraft attitude pointing and pixelization errors. The latter error is due to the fact that the image of the asteroid is formed by a discrete number of pixels and this could lead to an incorrect position of a surface feature on the image plane. By manipulating Eq. (36) and considering the pixelization error  p , one can write the observation equation: 
It is here assumed that the whole surface facing the spacecraft is visible, without considering illumination constraints. This does not affect the validity of the results, because, prior to the beginning of the ablation process, a precise map of the asteroid is assumed to be available. The distance from the point on the surface that corresponds to the centroid is measured through a Laser Range Finder (LRF). This distance is simply given by: An impact sensor is used to measure the mass flow from the ablation process. These sensors provide information on the mean velocity and the mass flow per unit area of the ejecta plume. These can be used to estimate the force exerted by the ejecta plume as: where  plume is the zero-mean Gauss white measurement noise.
The full set of observation equations is given by: 
where ς comprises the measurement noises of all the sensors.
Proximity motion reconstruction
Given the non-linearities in the measurements and dynamics, it was decided to use an Unscented Kalman Filter to derive an estimate of the state and p a
. In order for the proposed proximity control to work, the state of the spacecraft needs to be known quite accurately while p a is required only when the correction manoeuvre is performed. The need for an accurate estimation descends directly by the control box definition, being required to maintain the spacecraft within 0.4 m. As a consequence the accuracy must be better than 0.4, otherwise the controller will be not able to allocate manoeuvres properly.
In order to maintain the desired distance from the surface of the asteroid, the control strategy requires (21)).
The components of p a due to the laser recoil and solar radiation pressure are assumed to be well known because the acceleration due to solar pressure can be precisely estimated before the deflection operations begin and the laser recoil can be tested on ground. The component of p a that cannot be estimated only relying on models is the one due to the laser ablation itself, given the expected large degree of uncertainty in the outcome of the ablation process.
If the acceleration induced by the ablation h L a and the one due to the plume impingement plume a were aligned, the camera and the LRF would suffice to determine the overall acceleration. Indeed, the acceleration induced by the plume impingement is directed along the asteroid-spacecraft direction, but the acceleration on the asteroid is directed along the local normal to the surface.
It would not be possible to estimate plume a and h L a without any additional information. The impact sensor gives the necessary information.
The proposed method is the one used to estimate biases, commonly implemented to estimate solar radiation pressure (Maybeck, 1979) . In this case, it consists in augmenting the state vector that the Unscented Kalman Filter needs to determine by two variables [ , ] hT are system noises. The process noise w sc is a vector with three components each of which has a value of 10 -9 km/s 2 , 1-sigma, unbiased, and corresponds to the expected variations of the light pressure due to the attitude error. The noise w L is taken as 10%, 1-sigma, unbiased, of the initial acceleration due to laser ablation predicted by the model at the beginning of each simulation and w plume is taken as 10%, 1-sigma, unbiased, of the acceleration due to the flow impingement measured by the impact sensor at the beginning of each simulation. Treating these accelerations as biases is a strong assumption because it implies that their dynamics is slowly varying with time and can be seen as a random process on the short time. The results in section 6.1.1 will demonstrate the effectiveness of the proposed approach. In order to integrate Eq.(46), one needs to update the instantaneous value of h a r , h θ in Eqs. (15) and (16) The total perturbative acceleration acting on the spacecraft is then given by: where the gravity gradient depends on the spacecraft position and attitude of the asteroid.
By using the estimation theory formalism, the integration of the nonlinear discrete-time process in Eqs. (46) and measurement equations in Section 5.1 can be expressed as: The UKF relies on the unscented transformation to propagate a set of suitable sigma points, drawn from the apriori covariance matrix. The set of sigma points i χ are given as:
where i χ is a matrix consisting of (2n+1) vectors, with 
,
where k q represents the estimated attitude of the asteroid at step k. In order to evaluate Eq. (51), one needs to have an estimate of the attitude of the asteroid between the time steps t k and t k+1 . In this work this is given by integrating the first set of equations in Eqs. 
Finally, the filter state vector , , ,
, , Once an estimated value for the position and velocity of the spacecraft in the Hill's reference frame are available, one can calculate the displacement and velocity variation from the nominal position as: 
Asteroid Rotational Motion Reconstruction
In order to control the rotational motion of the asteroid, it is necessary to estimate its instantaneous angular velocity. Moreover knowledge of the asteroid's angular velocity is required to compute an estimate k q of the asteroid attitude from the prediction step of the UKF. Tracking feature points on the asteroid's surface can be used to measure the asteroid's angular velocity. 
The vectors / BC V and / BC ω are respectively the linear and angular velocities of the asteroid relative to the camera, assuming that the camera is static in the Hill's reference frame. The relative velocity vector is defined as: 
If one then introduces the pixelisation error then the two matrices in Eq.(65) become:
Introducing Eqs. (66), (67), (68) and (69) into Eq. (65) and solving for the angular velocity give: 
where the  sign stands for pseudo-inverse, and all the points give equal contribution to the solution (i.e. the weight associated to their corresponding information is equal to 1). The algorithm allows extracting velocity and attitude rates from at least three tracked feature points from two consecutive frames.
As an example, Figure 9 reports the error on the estimation of the angular velocity during a 14 days operations time. A total of 10 features were considered at each time. The pixelization error p  is equal to the dimension of the pixel (78.5 μm according to Table 4 ). The asteroid surface is known with an accuracy , are estimated with an accuracy of 20 cm and 0.1 mm/s (3-σ) respectively. An attitude determination error on 2 axes of 10 -3 rad is also considered. The figure shows that with the assumed measurement errors, the system is able to determine the angular rate as precise as few milliradians per second.
Figure 9: Angular velocity estimation error.
For sake of comparison, if one derived the angular velocity from Eq. (63) instead of Eq. (70) the accuracy would be lower, as shown in Figure 10 . In the case of Eq. (63), the error is higher with respect to the case of Eq. (70) because the optical flow method is not able to extract the linear velocity as accurately as the one obtained from the Kalman filter. 
Results
The selected candidate for the deflection mission is here assumed to be the Near Earth Object 2006 RH120 whose characteristics are listed in Table 2 . The criteria for the candidate selection are explained in . On top of the the example presented in this section the algorithm was run for different initial angular velocities and configurations. In particular it was tested on three worst case scenarios in which the largest component of was directed along one of the principal axis of inertia, and the matrix of inertia was dense with extra-diagonal terms with a magnitude up to 30% of the minimum inertia value. Table 3 reports the spacecraft's characteristics considered for the simulations. The spacecraft is assumed to be a cube with two symmetric deployable solar panels. The solar arrays are assumed to point towards the Sun for the whole simulation. In this way the cross section eq A results to be less than 1/5 of the area M A subjected to the solar radiation pressure. The camera is assumed to have a 30 degrees field of view, 2048 pixels resolution, and a 30 cm focal length. The focal length and resolution are such that at 50 m distance an object of approximately 4 m diameter occupies about 10 degrees of the field of view. In this way, it is assured that the asteroid remains completely within the camera's field of view during ablation. Table 4 reports the magnitude of the errors considered during the simulation and estimation process. The accuracy of the LRF, l  , is consistent with the current state of the art for this kind of technology (Hashimoto et al. 2003) . A 5% random variation in the measured mass flow rate was added to take into account a possible fluctuation in the yield of the ablation process. The attitude determination error on 2 axes is inferior to the accuracy foreseen on Hayabusa-2 (Noda et al., 2013) . Moreover it was assumed that all the measurements are received and processed at the same time every 300 seconds. Figure 11 shows the error in the filter estimates for both position and velocity. It is assumed that the spacecraft starts ablating with an initial state estimation The velocity errors on ˆh z and ˆh x seem to converge slower although their absolute values are also lower than ˆh y . This trend is essentially caused by the estimation process of the acceleration induced by laser ablation, the magnitude of which increases as the angular velocity tends to zero. In fact the convergence towards zero is achieved when also the acceleration approaches a constant value, at about 12 days after the beginning of the ablation process (see Section 6.1.1). When one considers the actual error with respect to the desired position (i.e. spacecraft placed with zero velocity at 50 m along track), the discrete control is able to maintain the spacecraft within 0.4 m as shown in Figure 12a . For clarity we report also the norm of the controlled position error. The maximum error in velocity in Figure 12b is around 1 mm/s which is obtained at the boundaries of the control box. The change in sign of the velocity components is due to the actuation. Figure 12b shows that the the main perturbations are confined in the x-y plane of the Hill's frame. This is consistent with the fact that the solar radiation pressure is directed along x-axis and that the force has to be contained in the x-y plane in order to apply a control torque mainly directed as z-axis.
Spacecraft Proximity Control
Nonetheless, the peaks outside the control boundaries are not detrimental to the overall process itself because their frequency and the magnitude are low, also considering the actual point the laser impinges. In fact Figure 13 reports the actual defocusing due to spacecraft and asteroid rotation control, which results contained within the Rayleigh length of 3 m. Note that the combination of the visibility, rotation of the asteroid and constraint on the angle between the laser and the normal vector directions lead to impinge mainly on surface spots closer to the spacecraft (i.e. below the focussing length). b)
Estimated Perturbations During Proximity Operations
Estimating the perturbations acting on the spacecraft in real time is required to implement the control strategy defined in Section 3. Figure 14 shows the trend of the estimated perturbations due to laser ablation with respect to the actual values. As one can see the perturbative force due to the ablative process increases with time. This is due to the fact that the angular velocity diminishes and the efficiency of the ablative process increases. After about 12 days it converges to a nearly constant value, which corresponds to a rotational velocity of about 10 -3 rad/s. When the asteroid reaches this rotational velocity the rotational control is terminated. The figure shows that there is a good agreement between the actual and the estimated perturbative accelerations, although the level of measurements noise affects the steady state estimate.
Asteroid Rotational Velocity Control
In the absence of any perturbation acting on the spacecraft and assuming the laser impinges perpendicular the asteroid surface, the implemented rotation control strategy would produce an effective reduction of the asteroid angular velocity in about 6.2 days as shown in Figure 15 , where the components of the angular velocity in the body fixed frame are represented. As one can see the control torque acts efficiently on the three directions. The angular velocity, as well as the third component, decreases almost monotonically as shown in Figure 15a -b. The other two components converge towards the zero velocity condition with progressively decreasing oscillations ( Figure  15c-d) . When the spacecraft proximity control and all the perturbation effects, as well as the angle between the laser beam and the normal to surface, are included in the model, a similar trend in a different time is obtained as shown in Figure 16 . Also in this case the components of the angular velocity refers to the body fixed frame. The inertia matrix of the asteroid is almost diagonal with the extra-diagonal terms equal to 1/100 of the maximum inertia. Also in this case, Figure 16a -c show a similar trend for the angular velocity and the z b component with oscillations in the final part of the simulations. The time required to almost halt the asteroid rotation is about 12 days. It takes about 5 days more than the case where the spacecraft is fictitiously maintained fixed at 50 m from the asteroid and the laser beam cross section varies only because of the. From Figure  16c -d one can see that the other two components converge towards zero as the previous case up to 12 days, then all the components present oscillations. These are due to the fact that the main component of the angular velocity moves continuously among the components. The oscillations in the position of the spacecraft, as shown in Section 6.1, cause also the laser beam to periodically defocus. Moreover, the whole control procedure is affected by the accuracy level provided by the optical flow method and the estimated position of the spacecraft with errors in the exerted control torque.
Regarding the other tests mentioned in Section 6, we found that the worst case was the one with all the angular velocity directed along the maximum axis of inertia. It required about 18 days to converge to 10 -3 rad/s.
Effect of the Asteroid's Rotation on its Deflection
The ablation thrust in Eq. (1) induces a slow and constant variation of the orbit of the asteroid. As explained in Section 4, the asteroid angular velocity control is performed until the angular velocity reaches a value of 10 -3 rad/s. It is assumed that the deflection action on the asteroid starts at asteroid's perihelion and the rotation control is active for up to 12 days, as shown in Figure 16 . It is assumed that, once the desired rotational velocity is reached, the laser beam is pointed in such a way that the rotational velocity does not vary over time. From Figure 17a it can be seen that the thrusting time to achieve a target  I v of 1 m/s can be decreased from 400 days up to 100 days with only 12 days of control of the rotation of the asteroid. 
